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Abstract-This paper deals with the problem of constructing a mathematical model relating 
to the dynamics of a system constituted by a large number of objects. The model being such 
that the evolution equation of an isolated object is of a deterministic type, being sto- 
chastically perturbed by the randomness of the initial condition and by the interaction of 
a multiobject system. The analysis relates to initial value problems and extends the results 
to boundary value problems. 
1. INTRODUCTION 
This work is a methodological study dealing with some analyses and modelling of physical 
systems constituted by a large, constant, number of objects. Each object obeys an evolution 
equation, which is strictly deterministic when the object does not collide with other objects 
(collisionless regime), but is stochastically perturbed by the interaction among the objects 
themselves. The probabilistic state of the multiobject system can be described by the 
one-object probability density P(x, t) on the state variable x = x(t) characterizing the state 
of each isolated object. 
Let us recall that the problem of noncolliding objects has been recently studied by the 
authors and applied to some pertinent mathematical modelling of physical systems. In 
particular, in Ref. [l], an evolution equation for the transformation P(x, t = O)+P(x, t) has 
been found using the Liouville theorem for systems with constant number of objects. In Refs. 
[2,3], the analysis has been extended to systems with variable number of objects, with onset 
and depletion of objects and adapted to the mathematical modelling of fog dynamics [2] and 
bubble-flow in ducts [3]. The relative mathematical theory and, in particular, the theorems 
defining the existence and absolute continuity of the solutions, in the class of problems defined 
in the aforementioned papers, can also be found in Ref. [4]. 
The main objective of this work consists in the mathematical modelling of an evolution 
equation on P for systems where the collisions among the objects cannot be neglected, as in 
the systems considered in Refs. [2,3], in order to propose a mathematical method to be 
hopefully used in a more realistic mathematical modelling of physical systems. 
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More in detail, the considered class of physical systems is described in the second section 
together with the objectives of this research note. The mathematical model is then proposed 
and discussed in the final section together with some solution techniques. 
2. THE PHYSICAL SYSTEM 
Let us consider the class of physical systems defined by the following set of axioms. 
Axiom 1. The system is constituted by a number N of nondistinguishable objects. The state 
of each object is defined by the variable x = {x,, xb, x,, xd) E D,c RP, where x, E D, is the 
location of the object, xb = X, E D, is its velocity, x, E D, is its dimension, x,, E D, is its physical 
state, D, = D, x D, x D, x D,. 
Axiom 2. The state of the system is defined by the probability density P(x, t). 
Axiom 3. The evolution equation of each, noninteracting, object is given by a known 
deterministic differential equation of the type 
X = F(x, t), x(2 = 0) = x0, FE C&x ,, I = [0, t). (1) 
It is plain that these axioms can define a very broad class of physical systems in various fields 
of physics and of the engineering sciences. For instance and with reference to another paper 
[2], if the system is constituted by a large number of droplets, then x, and xb define the position 
and velocity of the droplet, x, can define its diameter and xd can define some physical features 
such as the temperature of the droplet itself. 
After the aforementioned preliminaries and axioms, the objectives of this work can be 
defined as consisting in 
modelling an evolution equation on the one-particle probability density P(x, t) when the collisions 
between the objects cannot be neglected, in defining a methodology for the formulation of boundary 
value problems when the domain D, is bounded in some sense to be specified afterwards and in 
analysing mathematically the proposed model equation. 
3. THE MATHEMATICAL MODEL, ANALYSIS AND DISCUSSION 
The time-evolution of the one object probability density P can be, in general, obtained 
from a suitable differential master-equation to be constructed according to the methodologies 
applied in statistical mechanics, see Ref. [5] and the particular application in Ref. [6]. 
However, a great many difficulties can arise both in the construction of such an equation and 
in the search for solutions of the said equation supposing it has been deduced. An analogy 
can be found with the full Boltzmann equation which has been solved only for very particular 
and simplified problems. On the other hand, if the full equation is replaced by model- 
equations (linear and nonlinear), real possibilities of achieving quantitative results can be 
reached. Accordingly, in this paper, the line of constructing a model equation, relating to the 
class of physical systems described in the preceding section, will be followed. 
In order to define such a model, let us firstly supply the mathematical expressions of the 
local number density n = n(x,, t), number of objects per unit volume, of the local mean size 
of the particles y = y(xa, t), and of the local mean value of the scalar perturbation velocity 
z = z(x,, t), which are given by the following mathematical expressions: 
n = n(x,, t) = N s P(x, t) dr2, di = dx, dx, dxd, fi = D, x D, x Dd (2) d 
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y = y (Xa, t) = E(x,/x, = x,) = --CL 
n(x,, t) s x,P(x, t) di d 
2 = z(x,, t) = E(I xb - Et%/X, = %)l/x, = x,) = & 
ll? s 
d Ixb - E(X,/X, = X,)lp(X, t) dr2, 
N 
E(x,/x, = x,) = ~ 
n(x,, t) s 
x,P(x, t) d%, 
d 
see Ref. [7] for a further analysis of the mathematical expressions of the class of physical 
quantities defined by Eqs. (24). Moreover let us introduce the following further quantities: 
B = B(x, t) = P(x, t) - P’(x, t) , B:D, x Z+R 
@ = @(x0, t) = 7rny*z , @:D, x Z+R+ 
/3=/l(x,t)=P*(x,t)-P’(x,t), ,!?:D*xZ+R 
(5) 
(6) 
(7) 
where P* is the asymptotic value of P, which is reached after a sufficiently large number of 
collisions. An example of a choice of P* is given afterwards. On the other hand, P” is the 
probability density in collisionless regime, which according to the results of Refs. [l, 41 is 
given, if the solution of Eq. (1) exists and is unique and under suitable hypotheses of 
continuity and differentiability [4], as follows: 
PO@, t) = J(t; x(J)P(x,, t = O), (8) 
where x and J are given by solution of the following augmented ifferential equation: 
0 = X(a), (r = {x, J>, z = {F, - (V . F)J}, a(t = 0) = (x,,, l}. (9) 
Let us now propose, in order to construct a conceivable mathematical model for the 
time-evolution of B or P, the following conjecture: 
Assumption. t+cc implies that B(t)+jl(t) with velocity proportional to @. 
Accordingly, the simplest model which can be proposed for B and P is then the following: 
B = @(B)@(B) - B) P = PO+ @(P)(P* - P). (IO) 
Remark I. Equations (10) are nonlinear. In fact both /I and @ are nonlinear functions of 
B or P. 
Remark II. The time-derivative of Eqs. (10) are substantial ones applied along the 
trajectories in D,: 
B = dB/& + c &(~?B/ax,) 
I 
P = appt + 1 ii(a~/axi). 
I 
(11) 
Remark III. The actual structure of P* depends upon the physical nature of the problem. 
A very general example of modelling of the probability density P* is the following: 
P* = n (2Kvi)-1’* exd - (xi - E(x31/2 vi), (12) 
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that is an assumption of P as a product of Gaussian independent distribution with variance 
Vi. 
Finally, before approaching the actual problem of dealing with the proposed mathematical 
model, let us point out the remarkable analogy between the proposed model and the 
well-known B.G.K. model of the kinetic theory of gases. In these terms, the proposed model 
is a generalization of the models of the kinetic theory of gases or, in other words, a 
Boltzmann-like model. 
If a real system is described by the proposed model, the derived mathematical problem 
can be an initial value or a boundary value one according to the following definitions. 
Dejinition I, The initial value problem, corresponding to Eqs. (lo), is a problem such that 
D, is not bounded and the conditions P(x, t = 0) and B(t = 0) = 0 are given. 
Dejinition 2. The boundary value problem, corresponding to Eqs. (IO), is a problem such 
that s2 is a given regular surface boundary of 0,. Then, besides the initial conditions, for every 
x, = x, and for every t, the mapping P,+P, is given. Where Pi denotes the probability density 
of the objects hitting (x = xi and xbi . v(x,) < 0) and P, denotes the probability density of the 
objects leaving 52 (x = x, and xbr . v(x,) > 0). v = v(x,) is the unit vector at right angles with 
R and in the direction of D,. 
The actual mathematical formulation of the aforementioned mapping can be given in the 
following form: 
PAX,; t) = h s 1% . VI T(Xi+Xr)Pi(XJ dxi, (13) 
where T(x,+x,) defines the probability density that an object hitting 52 with the state xi is 
reemitted with the state x,. The mathematical modelling of T, which is a problem not dealt 
with in this work, must consider the physical nature of the objects and of the boundary 
surface. In this modelling, some known results of the kinetic theory of gases, see Refs. [7,8], 
can be hopefully applied. 
Equations (10) joined to suitable initial conditions and boundary conditions can be treated 
with the methods of partial differential equations, see for instance Ref. [9]. In general, 
however, a simplification of the model can be advisable. In these terms, if P” exists, according 
to Lemmas I-IV proposed in Ref. [I] and if Qi and /l are Frechet differentiable with respect 
to P, the following expansion is possible: 
@ N @(PO) + @‘(PO)(P - PO) p -N #&PO) + /?‘(P”)(P - PO). (14) 
Remark IV. If the linearization of Eqs. (14) is possible, the following differential equation, 
with quadratic nonlinearity, is obtained by Eqs. (10) and (14), 
Wx, t) = act; x) + b(t; x)B(x, t) + c(t; x)B2(x, t), (15) 
where 
a = @‘/?‘, b = /lo@‘, c = @‘j?’ - @‘, ~‘0 = @‘(PO), ~‘0 = jj’(po). 
On the other hand, if the same expansion is truncated at the zero-order term, the same 
equations (10, 14) give the following linear differential equations: 
B(x, t) = a(t; x) + d(t; x)B(x, t), d = -@O. (16) 
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The structure of Eqs. (15) and (16) is such that known techniques for differential equations 
[9] can be applied. In particular, the initial value problem for Eq. (16) gives, for every value 
of x, the following result: 
B(x,t)=B(x,t =O)exp[[:d(s;x)dr] 
+exp[~~d(r:x)dS][[~~(~;x)exp( -l:d(u;x)du)ds], (17) 
which is already an improvement o models which neglects the kinetic interaction between 
objects. Equations (8), (9), and (14) let the computation of the probability density on the 
state-variable of the system, which, as known [lo], give all the necessary information on the 
stochastic process of the variable x. 
Let us then comment that this work proposes an evolution equation for a one-object 
probability density. This equation is naturally derived by the equations of the kinetic theory 
of gases on the basis of some results of a previous paper [4] and on the conjecture presented 
in this section itself. Moreover, a methodology to deal with boundary-value problem is 
proposed and some simplifications of the model equation, in terms of linearization along the 
probability density in collisionless regime, are proposed. This work is presented as a 
mathematical method to be hopefully used in the mathematical modelling and analysis of 
physical systems constituted by a large number of objects, which locally interact with other 
objects and are subject to an evolution equation known for each isolated object. 
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